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THE DEVELOPMENT OF FUNCTIONS. 
By S. a. Corey. 

The development of functions into series has been effected to a large ex- 
tent, as is well known, by the use of Taylor's, Maclaurin's and Lagrange's 
formulas. There are, however, a large number of cases where these formulas 
are of no practical value in determining the function sought. In some cases 
the resulting series, while theoretically convergent, become practically useless 
on account of the complicated character of the successive derivatives of the 
function. In many other important cases the resulting series do not converge, 
or converge too slowly to be of service for numerical computation. 

It is the purpose of this paper to call attention to other formulas, similar 
in some respects to the older formulas, but more rapidly convergent. As far 
as I am aware these formulas are new. If I am in eiTor on this point I 
should be glad to be so informed. 

Using the notation ordinarily employed in Taylor's and Maclaurin's for- 
mulas, these new formulas may be written : 



/(« + xO=/(a) + |[/'(a)+/(« + x)]+^[/'(o)-/'(a + x)] 

+ ^ [/" («) +/"(« + ^)] + ^ [/'*' («) -/'*' («- + *)] 

+ ^ [/'"(«)+/^'n« + ^-)]+ • [I] 

f(a + 2x)=f(a)+2^f{a + x)+^f"(a + x) + ^f^'^\a + x)+ ]. [II] 

/(.r + a;)=/(a)+^J/(a)+/(« + x)+2[/(a + !)+/(«+ 5)+ • • • • 

+WS? [/<«(»)-/»'(«+»=)]+ [ni] 
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f(^a + 2mx)=f(a)-\-^^f'(a + x)+f'(a + Sx)+ • • ■ ■ +f'[a + (2m-l)x] ^ 

+ ^[ f"'ia + x)+f"'{a + ^x)+ .... +/"'[a + (2m-l)x] ^ 

+ -jy ^ /('^ (a + x) +/'»> (a ■+ 3x) + . . . 

+/(«[o+(2to-1)u;] ^ + ... [IV] 

Formula (I) can be verified by developing /'(a + x), /"(a + a^), etc., 
in the second member into power series by 'I'aylor's Theorem and combining 
terms including like powers of x. It at once reduces to the familiar develop- 
ment of f(a +x). 

If both members of formula (II) are differentiated with respect to x there 
will result the Taylor's development of /'[(a+a5)-f-x]. 

Formula (III) may be inferred from (I) without much labor by a step to 
step process, i. e. by developing by (I) : 

•' \ m) •' W m) m\ '' L\ "*/ »»J 

•simplifying each by the aid of the preceding. 

Formula (IV) may be deduced by a similar step by step process from 
(II). 

It is to be observed that the developments given by (I), (II), (III), and 
(IV) are not power series, and while they are perfectly trustworthy for pur- 
poses of computation whenever the Taylor's development, on which they ulti- 
mately depend, is valid, it is by no means clear that they may be safely used 
for other purposes ; for instance that their term by term integrals or deriva- 
tives will be equal to the integral or derivative of the function. 

That formulas (I) and (II) converge more rapidly than Taylor's Formula 
is easily seen by comparing the general term in each with the corresponding 
terra of Taylor's Formula. The general. term of (I) is 



2^,[/<»'(«)-(-l)»/^">(« + ^)]' 



X" 



ot Taylor's Foraiula is —/<"'(«) 



THE DEVELOPMENT OF FUNCTIONS. 79 



The general term of (II) is fl-C-l)"! -^^/(»)(a + a;), 

jj"a;" 
the corresponding term of Taylor's Formula is — y /("^ (a) . 

Formulas (III) and (IV) can be made to converge as rapidly as may be 
desired by taking a sufficiently large value of m, and are especially valuable 
when the labor of calculating the successive derivatives of the function in- 
creases rapidly with the increase in the order of the derivative. 

The following are some of the developments obtained by formulas (I) 

and (II) : 

,. «-[«"-'+ (a + a;)"-n »i(h- l)ra»-*-(« + «)«-*] . 
(a + x)" = ffl" + -!: \ — - X + -i i-i= '' ^ — i a? 

w(n-l)(»-2)[a"-3+(a + x)»-^] 

+ 2»n ^^ 

If n is a positive whole number and odd the second member of (1) will 
terminate with the nth power of x. If n is an even whole number and posi- 
tive the second member will terminate with the («— l)th power of x. 

If n is equal to l/m we get, after reduction, the following expression for 
the m th root of {a-\-x) : 



I 1 



X («i-l)x2 (l-:^m+-2m^) ., 

'2ma Sm'a' 48m*a' 



X (m-l)x* (l-3m + 2»H») ,, 

'2ma Sm^a^ 4Sm^a* 



(2) 



If, as a special case, we let o := 32, x = — 2, and m = 5, we get (by sub- 
stituting in the foregoing expression) 1.97435047 as the fifth root of 30. 
Expanding log (l-|-x) by formula (I) we have : 



,og(,+.o=^±:^.--4±:^^ + _4±^.^- (3) 

Expanding by formula (II) : 

It may be noted that (4) is valid for any value of x. 
Expanding e* by formula (I) and reducing we have : 
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X X^ x-* X^ 



&"= 5 3 -J (5) 

X x' X^ X* 

2 ~ "8 ~ 48 ~ 2Hl ~ 



Expanding e** by formula (II) : 

.'-=l + 2e- (x- + |^ + f; + T!+ )• (6) 

Expanding sin x by formula ( I ) and reducing : 

/x x-^ x^ \ fx x" a^ \ 

'''^ ^2 - 48 +255! ; + U - 48 + 205!- ) ,.. 



^'" ^ - x« ^ x«_ 

8" + 2Ul ~ '¥!^\^ 

Elliptic and hyperelliptic integrals and a large class of Abelian integrals 

may be represented by : 

dx 



/: 



where X is some polynomial in x, and r some fraction. In this class of func- 
tions the successive derivatives are usually very complicated, and formula 
(III) or formula (IV) will frequently be useful. 

I will give but one example, namely, the evaluation of the well-known 
elliptic integral, 

dx 



i: 



where x= Ji, and A;= ^ 



[(1-A;«x«)(l -x«)]* 

Using but two terms of formula (III), and making m equal to 10, we get 
825+ as the value of the integral ; using four terms with the same value of 
m, we get .82605, accurate to the last place of decimals. 

Formula (IV) might have been employed in this case with equal accuracy. 

In a process of approximation, such as that described by W. E. Durand, 
in The Annals of Mathematics, 1st Series, Vol. 12, p. 110, formulas (I), 
(II), (III), and (IV) can usually be employed with decided advantage. 

Cases might be enumerated indefinitely to show the developments obtain- 
able by the formulas herein given, and to show the rapid convergence of the 
resulting series in the majority of cases, but such enumeration of cases, while 
interesting and instructive, would unduly lengthen this paper. Enough has 
been said, I believe, to arouse the interest of working mathematicians in the 
formulas given and. to induce them to further study and develop the methods 
herein employed. 

HiTEMAN, Iowa, Octobbk, 1899. 



